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Abstract
It has been noticed that the k-string observables can be expressed in terms of
the fundamental string ones. We identify a sufficient condition for a generic gravity
dual background which when satisfied the mapping can be done. The condition is
naturally related to a preserved quantity under the T-dualities acting on the Dp-
brane describing the high representation Wilson loops. We also find the explicit
relation between the observables of the heavy k-quark and the single quark states.
As an application to our generic study and motivated by the fact that the anisotropic
theories satisfy our condition, we compute the width of the k-string in these theories
to find that the logarithmic broadening is still present, but the total result is affected
by the anisotropy of the space.
1 Introduction and Motivation
The k-strings are combinations of quark-antiquark pairs where each quark it is
separated from the antiquark by a distance R0 and each pair separated by the other
by a distance δ, with R0 ≫ δ. The common flux tube formed between the pairs is
the k-string. In confining theories the potential in the tube takes the form
V = σkR0 +
c1
R0
(1)
where σk is the string tension and c1 is a dimensionless constant in the Lu¨scher term.
Both terms in the potential have been computed in several quantum field theories
using lattice, field theory or gauge/gravity duality methods. Having k number of
strings that do not interact to each other when the pairs are kept well away, the string
tension of the system is proportional to kσ1 where σ1 is the tension of each string. In
this case we do not have a single bound state. By reducing the distance δ between
the pairs and bringing them closer, the gluonic made strings start interacting to
make a flux tube, a bound state with string tension σk.
One may ask then the question what is the tension σk of the flux tube and if it is
related to the tension of each string σ1. The answer is important since the k-strings
are bound states that probe in a way the interaction of the gluonic strings to each
other and their study expected to give a better understanding of the dynamics of
confinement. There are two possible proposals for the form of the string tension, the
so called Casimir scaling and the sine formula. The Casimir scaling was originally
found to be exact in a 1+1 dimensional pure Yang-Mills theory and the transverse
dimensions are absent [1]. It has been also obtained from the stochastic vacuum
analysis [2], as well as from a kind of dimensional reduction of the YM vacuum
wavefunctional [3]. More particularly the string tension before the screening can be
representation dependent and proportional to the quadratic Casimir of the theory
σk =
CR
CFund
σ1, with T
aT a = CRIR , (2)
where CR and CFund is the quadratic Casimir in R representation and the fundamen-
tal respectively. The matrices T a are the SU(N) generators in the representation R
of the theory and the IR is the unit matrix. For the antisymmetric representation
the k-string tension becomes
σk = k
(
1− k − 1
N − 1
)
σf (3)
and its expansion in large N leads to
σk = k
(
1− k − 1
N
+O
(
1
N2
))
(4)
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with higher order terms being increasing powers of 1/N . The Casimir scaling was
found in certain supersymmetric theories [4] as well as in a gauge-adjoint Higgs
model in 2+1 dimension [5].
The alternative sine formula for the k-string tension has been found in a con-
fining softly broken N = 2 supersymmetric Yang-Mills [6] and is representation
independent. The sine formula takes the form
σk =
sin pik
N
sin pi
N
σ1 , (5)
and the large N expansion becomes
σk = k
(
1− π
2(k2 − 1)
6N2
+O
(
1
N4
))
σ1 , (6)
where the higher order terms are of order 1/N2. The sine formula has been also
obtained in M theory fivebrane version of QCD [7].
There is a debate on which formula describes better the k-string tension and
whether or not any of them is accurate. The answer to this question is still considered
as open, and there are several findings from string theory, lattice theory and field
theory that favor one or the other formula. The answer may also be that the exact
function of the string tension is none of these two proposed, although several other
suggestions have been excluded [8, 9].
The two formulas have some essential differences. In the large N expansion the
Casimir goes as 1/N , while the sine as 1/N2. By considering the exchange of the
gluons between the gluonic strings, which should be of minimum two since the color
can not change on them, we can argue that the effect is of order 1/N2. This is true
even when the quark-gluon interaction is taken into account, which are non-planar.
The possible 1/N terms appear only in the division to irreducible representationsand
in general, the quadratic Casimir operator takes the following form:
CR ∝ (terms depend on rows and columns of the YT)− k
2
N
. (7)
Assuming the string tension to be proportional to the Casimir operator, its expansion
will be of order 1/N . The rest of the terms of (7) should not affect the tension since
the result should be representation independent and therefore the final result will be
of order 1/N in contrast to the expectation. This is an arguing in favor of the sine
formula [10]. Moreover, thinking the interaction between the world-sheet it appears
to be of order 1/N2 terms. As well the large N expansion in the field theory has the
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generic form of even powers of 1/N . The above facts favor the sine formula with
the 1/N2 expansion.
On the other hand recent and accurate lattice data results in 2+1 dimensions
show better fitting of the Casimir formula [11] for the k-string tensions. On top
of that, one should notice that the arguments of the previous paragraphs may fa-
vor the sine formula but seem not enough to rule out the Casimir formula. It is
possible in certain theories that the Casimir odd powers of 1/N terms cancel each
other during the division to the irreducible representations, leaving the final result
with only 1/N2 terms. This has been shown explicitly using the heat kernel ac-
tion in Euclidean lattice gauge theory [12]. There at strong coupling the Wilson
loop operators are known, and the string tensions are proportional to the quadratic
Casimir. In the stage of the decomposition of the fundamental representations into
sum of the irreducible ones the odd powers of 1/N cancel each other because the
contributions of the row-column conjugate Young tableaux (YT) 1, give exactly the
opposite 1/N terms, while the self conjugate YT give only 1/N2 terms. Therefore,
the large N expansion of the field theory where only even powers of 1/N appear,
can be consistent with the Casimir formula scaling in the string tension.
Another notice on these computations is the arguing of the authors of [12] that
the limits where the time side of the relevant Wilson loops is taken large, and the
large N limit may not commute each other. The particular Wilson loops are of
rectangular shape with one side being the time T and the other the separation
between the quarks R, with T ≫ R. The decomposition on the Wilson loop in
energy eigenstates and the relevant analysis is sensitive to the order of the large N
and T limits and the way that the limits are taken may affect the powers of 1/N
expansion. Summarizing the above discussion it seems that the Casimir formula can
not be ruled out using only the large N counting.
Having convinced ourselves that the these multiquark bound states are worthy
studying and have important unanswered questions, we examine their connection to
the single strings using the gauge/gravity duality. In order to capture the interaction
between the strings is not enough to use the Nambu-Goto action, because then
the strings do not interact and the total string tension will be kσ1. We consider
appropriate probe Dp-branes with electric flux in the world-volume. These extend
in two dimensions in the field theory space-time, since they represent heavy quarks
and antiquarks and the rest of their dimensions wrap the internal space. It has been
shown explicitly that in AdS5×S5 the single string Wilson loops are appropriate for
the fundamental representation [13], while for higher symmetric and antisymmetric
1Tableaux that can be obtained from each other by interchanging the rows with the columns.
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representations are appropriate the D3 branes and the D5 branes [14,15] with electric
flux respectively.
There are several studies of k-strings in the context of gauge/gravity dualities.
In [16] the flux tube tension was computed in 2 + 1 and 3 + 1 confining setups,
finding dependence on the number of dimensions. In Klebanov-Strassler theory
[17] it has been found that the string tension follows approximate the sine formula
[18]. In Cvetic, Gibbons, Lu¨, Pope background [19] the string tension has been
found to take lower values than both Casimir and sine laws [20], while approaching
better the Casimir scaling. Moreover, in [21] the Lu¨scher term has been calculated
and found independent of the N-ality. In [22] the Lu¨scher term was also found
to be independent of the string tension as expected using D4 brane embedding,
appropriate for the antisymmetric representation. In the Maldacena-Nunez(MN)
background [23], which is a realization of Chamesddine-Volkov solution [24], by using
the D3 branes an exact sine law was obtained [18]. However, using the D5 brane
embedding either in MN or Maldacena-Nastase (MNa) [25] theory, the string tension
approximates a Casimir law [26]. In this theory it has been found a sine law, using D3
brane embedding appropriate for the symmetric representation. Notice that several
observables of the k-strings have been studied extensively in N=4 super-Yang-Mills
plasma [27]. In [28] it was shown that the energy of higher representation Wilson
loops in backgrounds with trivial dilaton is expressed in terms of the energy of the
loop in the fundamental representation. Also, stable brane configurations similar to
he k-string ones have been studied in detail [29].
Here we find a condition that when satisfied the observables of k-strings can be
expressed as proportional to the observables of the fundamental strings and their
string tension may be found from the proportionality constant. Our condition is
related to a conserved quantity under T-duality e−φ
√
g, where the dilaton and the
induced metric of the brane appears. This is not surprising since it naively states
that in order to make an analogy of the DBI action to the Nambu-Goto action, the
dilaton contribution should be cancelled out with contribution of the geometry in
the internal space. This must happen in the initial Dp-brane configuration, since
the quantity is preserved under the T-dualities, acted on the brane. When the
mapping is possible the k-string observables can be effectively reduced to single
string observables and we derive the exact relation. An application of our generic
analysis is presented on the non-trivial anisotropic Lifshitz-like theories, where our
constraint is satisfied.
In a slightly different scheme, non-trivial mappings between the higher repre-
sentation Wilson loops [30] in the marginal TsT β deformed theories [31] and same
loops in the undeformed theories have been observed. The invariant condition used
4
in our paper is vital for this mapping too.
Finally, motivated by the fact that the anisotropic spaces2 satisfy our condition
we compute and additional quantity: the width of the k-string and we find logarith-
mic broadening [39]. The problem is reduced to finding a ’modified’ minimal surface
of revolution. However, the anisotropies affect the total expression of the width, due
to the different measures along the anisotropic directions.
The paper is organized as follows. In the section 2, we present the full setup
for the k-string in a generic background and we explain when its observables can
be expressed in terms of the fundamental string observables. In section 3, we work
in zero temperature and compute the width of the k-string in anisotropic theories
to find the logarithmic broadening. We finalize the paper with conclusions and
discussing our results.
2 k-strings in generic gauge/gravity duality
We consider a d+1 dimensional homogeneous space with the metric of the following
form
ds2 = g00(u)dx
2
0 + gii(u)dx
2
i + guu(u)du
2 + gX (u)
(
dθ2 + s2θdX 2q
)
, (8)
where i = 1, ..., d. The internal space consists the coordinate θ and the manifold
X . All the functions that appear in the metric elements depend on the holographic
direction u. The background has also a non-trivial dilaton and a (q + 1)-form.
The space we consider is generic and includes the anisotropic backgrounds. The
generalization to other space dimensions with Dp-brane probes is straightforward.
In the dual background we compute the k-strings in full generality and show
that it is possible to express several of their observables in terms of the observables
of fundamental strings in the same background.
2The anisotropic gauge/gravity dualities attracted attention recently in an attempt to describe
strongly coupled anisotropic systems by studying several observables eg. [32–34], and due to some
very interesting properties they have [35–37]. A review on anisotropic dualities with a collection
of references can be found in [38].
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2.1 The probe Dp-brane Analysis
The following analysis can be done with simple modifications to an arbitrary dimen-
sional space and for almost any arbitrary dimension of embedding brane. We will
comment further on that later. To simplify the presentation we choose an internal
space of 5-dimensions, and a D5-brane describing the heavy bound state. The con-
figuration of the k-string is a brane which covers only two dimensions in the external
space, since it consists in a sense of k-interacting Wilson lines. These are the time
and a spatial dimension, where the static gauge is used. It also wraps the X4 of the
internal space. We initially allow to the brane to have a profile along the angle θ.
The magnitude of θ will determine the size of the X4. Since we are dealing with
curved spaces we allow the profile of the brane to extend along the radial direction,
so when attempting to minimize its area enters to the bulk. Therefore a suitable
parametrization is
x0 = τ , x1 = σ , u = u(σ) , θ = θ(σ) and wrapping along the X
4 , (9)
where the x1 direction is chosen to align the brane in the external space. In the
case of isotropic backgrounds all directions are equivalent, but in anisotropic back-
grounds the direction where the heavy probes are placed changes the energy of the
configuration.
The DBI action with Wess-Zumino term takes the form
S = TD5
∫
dτd5σe−φ
√
g + 2πα′Fµν − igstTD5
∫
2πα′Fµν ∧ C4 , (10)
where
λ = gsN , TD5 =
N
√
λ
8π4
. (11)
We write the C4 form in terms of a function D as
C4 := −D(θ)
gst
volX , (12)
where volX is the volume form of the X space and we rescale the electric flux as
Fτσ = iF
1
2πα′
. (13)
We impose to the brane a charge quantization which becomes
δS
δFτσ
= ik ⇒ δS
δF
= − k
2πα′
. (14)
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The action (10) becomes
S =
N
√
λV olX
8π4
∫
dτdσ
(
s4θh(u)
√
Gs − F 2 −D(θ)F
)
, (15)
where Gs is the induced metric determinant of a fundamental string configuration,
with its two-dimensional world-sheet to be parametrized by the four functions in
(9), and is given by
Gs = g00
(
g11 + guuu
′2 + gθθθ
′2
)
. (16)
The function h(u) is defined as
h(u) := e−φg2
X
. (17)
The equations of motion for the θ and the F respectively give
4s3θcθh
√
Gs − F 2 − F∂θD = ∂1
(
s4θG00Gθθθ
′
√
Gs − F 2
)
(18)
√
Gs − F 2 = s
4
θhF
−D + k˜ , where k˜ :=
4π3k
NV olX
. (19)
Substituting the equation (19) to the equation (18) we get
(
4s7θcθh
2
k˜ −D − ∂θD
)
F = ∂1
(
G00Gθθ
k˜ −D
F
θ′
)
. (20)
To express the energy of the Dp-brane in terms of the fundamental string we require
that the equation of motion for θ (18) is satisfied for constant angle θ = θ0. The
equation (20) becomes
4h2cθs
7
θ +D∂θD − k˜∂θD = 0 (21)
and has non-trivial solutions for θ = θ0 when the function h(u) satisfies
e−φ(u)gX (u)
2 = c , (22)
which implies a cancellation in the action between the dilaton and the function
gX (u)
2 of the metric. Notice that the expression of (22), is the u dependent part of
the function e−φ
√
g, with g being the induced metric on internal space, which has
been proved to be conserved under the T-duality. If the condition (22) is satisfied
then the Dp-brane describing the high representation Wilson loop can be thought as
of a string world-sheet describing the Wilson loop in the fundamental representation.
We point out that this is an analogy and not a mapping in the strict sense, and can
be found by acting on the brane a series of T-dualities and requiring the condition
(22) to end up with a action proportional to the Nambu-Goto. To translate the
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condition (22) to a Dp-brane of different dimensions, it is more convenient to isolate
the relevant part of e−φ
√
g in the space under consideration. For example, this is
condition satisfied for the probe D4-branes considered in the D4-brane background
in [16].
We set the constant c = 1 for convenience, and from now on we have the angle
θ to be a constant depending on k˜, specified by the solution of equations (21) with
the constrain (22). This relation is not as constraining as it seems and it is satisfied
in several backgrounds.
The equation (19) can be solved for F and the solution may be written as
F = ±
√
Gs√
1− sθ∂θD
4cθ
:= ±Z(θ)
√
Gs , (23)
where we choose the positive sign. The above equality plays a key role in expressing
the whole DBI action in terms of the Nambu-Goto. The action of the D5-brane
becomes
SD5 =
N
√
λV olX
8π4
s4θ
∫ ub
u0
dτdσ
(√
1− Z(θ)2 − Z(θ)D(θ)
)√
Gs , (24)
where the integration is done from the boundary to the turning point for the surface
and the infinities have not yet subtracted with the counterterms.
At this stage one may also like to impose the N-ality, which would require that
the redefinition k → N−k implies a symmetric transformation in the function G(θ)
defined as
G(θ) :=
(4h2cθs
7
θ +D∂θD)V olX
4π3∂θD
=
k
N
(25)
where we have used (21). Such a possible transformation is that for k → N − k,
which could result for the function G(π − θ) = G(θ)− 1.
Due the way that the Dirichlet and Neumann boundary conditions are imposed
to the brane at the boundary, the on-shell action will have divergences which need
to be canceled with a Legendre transform. To apply this method for the successful
cancelation of the divergences, one need to make sure that the background satisfies
asymptotically the conditions obtained in [40]. In the case of the AdS×S background
the method has been applied for strings and D-branes in [41, 42].
In our case we assume that the conditions of [40] are satisfied and the boundary
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terms that need to be added in action (10) are
SD5 b = −
∫
∂
dσxµ
δSD5
δ∂σxµ
−
∫
∂
dσ
δSD5
δ∂σθ
+
√
λ
2π
∫
dτdσkF . (26)
The first term, where xµ should be taken as the radial direction, regularizes the
action of the fundamental string configuration and can be thought as coming from
the Nambu-Goto action. The second term of the boundary action is zero for constant
θ. Therefore to compute the total action we need to take into account the on-shell
action (10) and the remaining boundary term from (26) which gives the compact
result
SD5 =
NV olX
4π3
s4θ√
1− Z(θ)2
SNG,normalized . (27)
To obtain (27) we have solved the conditions (14) for k and substituted to the total
action. We remind that the constraint (22) requiring cancelation of the dilaton
dependence in the action with an overall term of the induced geometry is crucial in
order to express the k-string in terms of the fundamental string. The minimization
of the Nambu-Goto action for a orthogonal Wilson loop in a generic background can
be found for example in [32,44]. Therefore the expression (27) is directly applicable
to any background satisfying the condition (22).
The fact that the condition is satisfied for many backgrounds can be understood
by several qualitative arguments. We have mentioned already one with the T-
dualities and the preserved quantity. Moreover, the k-string as a bound state from a
distance would look as a compact string, if we ignore its structure, and it would be
natural to expect that its properties can be expressed in terms of the Nambu-Goto
action.
2.2 Drag Force on k-Quarks and Gluons
In this section we briefly comment on other observables of k-strings and gluons.
These can be expressed in terms of corresponding observables of the fundamental
strings, as a straightforward generalization of the static computation. The situation
is analogous to that of the k-strings in the AdS5 × S5 space [27].
To compute the dragging of the k-quarks, let us parametrize the k-string that
move with a constant speed v along the x1 direction with the following ansatz
x0 = τ , u = σ , θ = θ(σ) , x1(t, σ) = vt+ ξ(σ) . (28)
9
The resulting action is similar to the stating configuration (15) but the induced
metric Gs is given by
Gs =
(
g00 + v
2g11
)(
guu + θ
′2gθθ
)
+ ξ′2g00g11 . (29)
We require that in the dual background the contribution of the dilaton in the action
cancels with the induced geometry, ie. the condition (22) is satisfied. The drag force
of the k-string is calculated by the momentum flowing from the boundary to the
horizon of the space and turns out to be
Fk =
N
√
λV olX
8π4
s4θ√
1− Z(θ)2
Fstring , where Fstring =
1
2πα′
√
gttg11|u=u0 (30)
where the angle θ is chosen to satisfy (21) and Z is given by (23). The radial distance
u0 is the horizon of the induced world-sheet metric given by solving the equation
3
guu
(
g00 + g11v
2
)
= 0 . (31)
The drag force of k-quarks is proportional to the single quark dragging with pro-
portionality factor
a(θ) :=
s4θ√
1− Z(θ)2
. (32)
Some interesting remarks are in order that reveal the properties of a(θ). We expect
that the number of quarks in the bound state that maximize the drag force is
k = N/2 since for this value the color charge of the string configuration is maximum.
For k = 0 or k = N the drag force becomes zero and that could correspond to the
conical part of the D5-brane becomes minimum and zero. It is a k-string that is
color neutral, with no quarks, or N number of quarks making a baryon. This could
happen at θ = 0 or θ = π unless the overall sine dependence of the numerator of
a(θ) is cancelled. Notice that another way to determine the expected maximum of
dragging is to think that the two minima are for k = 0, N and the maximum is
expected in the middle for symmetry reasons of the N-ality. Moreover, we expect
that the k-string, say for k = N/2, experience less dragging than a number of N/2
single quarks which experience kF1 drag force. This also constrains the properties
of the function a(θ).
Let us also comment on the gluons dragging. We may think the gluon as two
parallel D5-branes carrying k = 1 and k = N − 1 units of fundamental string
charge [14,27]. A proposal for the action is given by [43], where for generic diagonal
3A generic treatment of observables in the gravity duality may be found in [32].
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backgrounds, with the additional cancelation of the dilaton contributions (22), the
dynamics of the two D5-branes decouple each other at leading orders. By repeating
the analysis of the k-strings we get that the force on the gluon is twice the force on
the single quark. This is because the energy of the k = N − 1 k-string is equal to
the force on the k = 1 due to the N-ality.
Fdrag,gluon = 2Fdrag,quark . (33)
Application to a particular background:
As a simple non-trivial example we look at the anisotropic supergravity background
which is a deformed version of the N = 4 finite temperature sYM [46], presented
briefly here. In the dual field theory a θ-parameter term is present, which depends
on the anisotropic direction and is related to the axion of the type IIB supergravity
through the complexified coupling constant of the N = 4 sYM. In the gravity dual
background the anisotropy is generated due to existence of axion term depending
on the anisotropic direction. In the string frame the background is given by
ds2 =
1
u2
(
−FB dx20 + dx21 + dx22 +Hdx23 +
du2
F
)
+H− 12 (dθ2 + s2θdΩ24) ,(34)
χ = ax3, φ = φ(u) , (35)
where a is the anisotropic parameter with units of inverse length, φ is the dilaton
and χ is the axion. For our purposes is also important a RR five form which reads
F5 = (ΩS5 + ⋆ΩS5) . (36)
In the small anisotropy over temperature limit T ≫ a, the metric can be found
analytically
F(u) = 1− u
4
u4h
+ a2F2(u) +O(a4) , B(u) = 1 + a2B2(u) +O(a4) , (37)
H(u) = e−φ(u), where φ(u) = a2φ2(u) +O(a4) , (38)
where the form of functions is given in [46]. Notice that the u dependent part of
the e−φ
√
g = 1, so the condition (22) is satisfied. Therefore, the k-string energy
and observables on this background follow exactly the results of the single string
observables of [32].
3 Width of the k-strings in general theories
In this section we study the width of the k-string at the zero temperature using the
generic metric (8) and then we apply our formulas to the interesting for this case
11
anisotropic Lifshitz-like backgrounds.
Due to the rotational symmetry of our configuration we make a coordinate trans-
formation in the initial metric (8) to write it in the form
ds2 = grr
(
dr2 + r2dφ2
)
+ gzzdz
2 + gjjdx
2
j + guudu
2 + gX (u)
(
dθ2 + s2θdX 24
)
, (39)
where all the metric elements are functions of the holographic coordinate u. To
compute the width of the k-string we need we consider the catenoid brane configu-
ration ending on two different radii R1 > R2 on the boundary given by the following
parametrization
r = r(σ) , φ(τ) = τ , z(σ) = σ , θ(σ) = σ , (40)
with the boundary conditions
r(0) = R1 , r(L) = R2 . (41)
The theories under investigation are in principle not confining, therefore in order to
compute the width of the k-string, we introduce a hard-wall version of the model
and compute the observables at u = uΛ.
Using the DBI action (10) we get
S =
N
√
λV olX
8π4
∫
dτdσs4θg
2
X
e−φr
√
grr(r′2grr + gzz + gθθθ′2)− F 2 +D(θ)F . (42)
We require the condition for the dilaton (22) to be satisfied and the angle θ is a
constant given by the equation (25) with
Gs = r
√
grr(r′2grr + gzz) . (43)
The total action is expressed again in terms of the fundamental string
SD5 =
N
√
λV olX
8π4
s4θ√
1− Z(θ)2
∫ L
0
dτdσ
√
Gs . (44)
The problem effectively is now reduced on finding the width of the world-sheet in
an anisotropic space. The equations of motion of (42) are
grr
√
r′2 +
gzz
grr
− ∂1

 r′rgrr√
r′2 + gzz
grr

 = 0 , (45)
rgzz√
r′2 + gzz
grr
= c . (46)
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Combining them we end up with the simplified equation where its solution specifies
the profile of the tube-like brane
r′′r − r′2 + gzz
grr
= 0 . (47)
It is a simple differential equation even when anisotropies are present. By con-
straining the surface at the radial distance uΛ to introduce the additional scale in
the theory, we have reduced the problem to be effectively flat. In the isotropic case,
the last term is equal to the unit and the solutions of the equation correspond to a
deformed minimal surface of revolution.
An analytical solution of a compact form may be found
r = c
√
gzz
grr
cosh
(
σ − σ0
c
)
, (48)
with σ0 the point where the radius of the brane becomes minimum, satisfying
r′(σ0) = 0. Applying the boundary conditions we get
R1 = c
√
gzz
grr
cosh
σ0
c
, R2 = c
√
gzz
grr
cosh
L− σ0
c
, (49)
where the constant c cannot be expressed analytically in terms of the bound state
sizes of the loops. We have taken R1 > R2 and this is in agreement with (49) since
σ0 > L− σ0 and the minimum of the radius is closer to the small radius circle. The
on-shell action becomes
S =
N
√
λV olX
8π4
s4θ√
1− Z(θ)2
gzzc
∫
dσdτ cosh2
σ − σ0
c
, (50)
which can be integrated to give
S =
N
√
λV olX
8π3
s4θ√
1− Z(θ)2
cgzz
(
L+
c
2
(
sinh
2(L− σ0)
B
)
+ sinh
2σ0
B
)
. (51)
In the limit of large radius R1 specified as R1 ≫ 1 and R1 ≫ R2 the constant c in
leading order is solved analytically giving
c ≃ L
log R1
R2
, (52)
where the subleading terms have been ignored. Notice that the constant does not
depend on the metric elements. The action takes the final form
S =
N
√
λV olX
8π3
s4θ√
1− Z(θ)2
(
gzz
L2
log R1
R2
+ grr
(
R22 − R21
))
, (53)
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and up to different constants multiplying the ’disk area’ term depending on the radii
and the L2 term, is similar to the one of the isotropic flat space, while for gzz = grr
reduces to it. The width of the bound state measures how thick is the tube, by
measuring the chromoelectric flux through a probe Wilson loop. It is defined as [39]
w2 :=
∫
e−SL2dL∫
e−SdL
. (54)
The L-independent terms of (53) cancel and to the leading order we get the width
w2 =
4π3α′
NV olX
√
1− Z(θ)2
s4θgzz
log
R1
R2
. (55)
The logarithmic broadening of the k-string is present in the case of an anisotropic
space. However an essential difference with the isotropic result is the form of the
proportionality factor and the string tension. The width of a fundamental string is
known to be
w2 =
1
2πσ
log
R1
R2
. (56)
The k-string tension can be identified as the proportionality factor from the equation
(55). In the isotropic space this is straightforward, since σ = grr(uΛ) = gzz(uΛ) and
the string tension of a fundamental string is the same in along all the directions. In
an anisotropic space, the string tension is different along the different directions.
To understand better our result (55), let us point out that in an accurate treat-
ment the original configuration of the k-string considered here, should ideally con-
sist of a bound state of multiple quarks and antiquarks lying along the spatial
x1 = r cos φ direction with the size of the state being R0. This would form an
orthogonal configuration at the boundary where the minimal surface is attached.
However, for the computation of the width of the bound state, in the limits we are
working, we have assumed a simplified version of the orthogonal configuration, to be
cyclic of radius R1 ≃ R0 in order to simplify the computation. This approximation
does not affect the logarithmic broadening [39]. Therefore, in the anisotropic space
the width of a single heavy meson bound state along the x1 direction with metric
element grr, could be written as
w2 =
grr
2πσgzz
log
R1
R2
with σ = grr(uΛ) . (57)
Then the width of a k-string along the x1 direction
w2 =
grr
2πσkgzz
log
R1
R2
with σk =
NV olX
2π2α′
s4θgrr(uΛ)√
1− Z(θ)2
. (58)
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Our formulas are valid for the isotropic case, and reproduce the well known results.
In the anisotropic space the result is sensitive to the way we measure the width, due
to the fact that the distance that the probe Wilson loop of radius R2 is separated
from the fundamental state has different measure than the direction along where
the bound state is aligned. Therefore, we propose that an appropriate definition of
the width in anisotropic spaces is given by the following expression
w2aniso :=
gzz
grr
w2 , (59)
which eliminates the dependence of the width of the bound state from the test
’measuring’ Wilson loop.
Let us apply the analysis to an anisotropic zero temperature Lifshitz-like solution
found in [45] with metric
ds2 = R˜2s
(
u7/3
(−dt2 + dx21 + dx22)+ u5/3dz2 + 1u5/3du2
)
+R2su
1/3d2sS5 (60)
dilaton
eφ = u2/3eφ0 , (61)
and a 5-form equal to that of AdS5 × S5. Notice that e−φg2S5 = 1 and the dilaton
contribution to the action is canceled by the relevant part of the geometry. By
applying the formula (58) the width of the anisotropic k-string is given by
w2aniso = u
−2/3
Λ w
2 =
1
2πσk
log
R1
R2
=
3πα′
2Ns3θu
7/3
Λ
log
R1
R2
. (62)
4 Conclusions
We have studied the properties of k-strings in a generic gauge/gravity duality. We
have found that when the dilaton contribution cancel with the geometry of the
induced metric in the Dp-brane action, then the observables of the k-strings are
proportional of the observables of fundamental strings in the same space. The
observables include the energy of the k-string bound state and the dragging of the
moving k-string. The extension of our work to other space dimensions and probe
brane dimensions, as well observables of similar type should be straightforward.
The condition (22) is part of an invariant quantity under a T-duality. This is
not surprising since under the T-dualities acting on the Dp-brane, the resulting
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two-dimensional action, can be brought to a form proportional to the Nambu-Goto
action only if the equation (22) is satisfied. We point out that strictly speaking this
is an analogy between the Dp-brane and the string actions, at the level of equations
of motion and not a strict mapping. However, when the conditions derived are
satisfied it can be naively thought as a mapping. Moreover, one may understand
our result as examining the k-string from a distance, where its microscopic structure
is not visible. It is natural for the multi-quark bound state to look as a single string
with a tension σk. It is easy to identify the k-string tension, of Casimir, sine or other
type, from the way that it is related to the fundamental string tension.
Notice that even in finite temperature when the condition (22) is satisfied the
energy of the k-string is written in the form (27), where the induced metric of the
string is now on the black hole background. It would be interesting however to ex-
amine how the string tension of the k-string is affected in the finite low temperature
confining phase. The string models predict a decrease of the potential of the heavy
meson state where the string tension decreases as temperature increases [47–49].
This has been noticed recently using also the gauge/gravity duality [50]. In finite
temperature but still confining phase we expect that it would not be possible to
express the k-string energy in terms of the single string.
As a side remark and an interesting further direction we point out that the
invariance of the condition (22) has been also observed in the non-Abelian T-duality
as described in [51, 52]. In these backgrounds one may think in a bottom-up way
to propose the description of the high representation Wilson loops with probe Dp-
branes that satisfy our condition.
We notice that the condition (22) is satisfied for the anisotropic top-down su-
pergravity solution. Motivated by the fact that the k-strings in these spaces can
be written as fundamental strings we have computed the width of this state. The
width of gluonic string of the heavy meson as well as of a k-string state has been
found to have a logarithmic broadening in the certain confining theories [39,53–55],
which is a property of the heavy meson bound states in all confining theories [56].
The k string bound state is placed on a plane with rotational symmetry, while the
probe Wilson loop is placed at a distance from the k-string loop in the anisotropic
direction. The width has a logarithmic broadening as in the isotropic space, however
the proportionality factors are affected by the anisotropy of the space. We argue
that this is due to different measures along the different directions, and we propose
a slightly modified definition of the width in the anisotropic space. As a further step
to this computation it would be interesting to place the k-string brane on a plane
that is anisotropic.
16
Acknowledgements: We are thankful to A. Armoni, A. Guijosa, C. Nunez, A.
Ramallo, K. Sfetsos and M. Teper, for useful conversations and comments. The re-
search of D.G. is partly supported by a Fellowship of State Scholarships Foundation,
through the funds of the operational programme education and lifelong learning by
the European Social Fund (ESF) of National Strategic Reference Framework (NSRF)
2007-2013.
References
[1] L. Del Debbio, M. Faber, J. Greensite and S. Olejnik, “Casimir scaling versus
Abelian dominance in QCD string formation,” Phys. Rev. D 53 (1996) 5891
[hep-lat/9510028].
[2] A. Di Giacomo, H. G. Dosch, V. I. Shevchenko and Y. .A. Simonov, “Field
correlators in QCD: Theory and applications,” Phys. Rept. 372 (2002) 319
[hep-ph/0007223].
[3] J. Greensite and S. Olejnik, “Dimensional Reduction and the Yang-Mills
Vacuum State in 2+1 Dimensions,” Phys. Rev. D 77 (2008) 065003
[arXiv:0707.2860 [hep-lat]].
D. Karabali, V. P. Nair and A. Yelnikov, “The Hamiltonian Approach to Yang-
Mills (2+1): An Expansion Scheme and Corrections to String Tension,” Nucl.
Phys. B 824 (2010) 387 [arXiv:0906.0783 [hep-th]].
[4] M. A. C. Kneipp, “Color superconductivity, Z(N) flux tubes and monopole
confinement in deformed N=2* superYang-Mills theories,” Phys. Rev. D 69
(2004) 045007 [hep-th/0308086].
R. Auzzi and S. P. Kumar, “Non-Abelian k-Vortex Dynamics in N=1* theory
and its Gravity Dual,” JHEP 0812 (2008) 077 [arXiv:0810.3201 [hep-th]].
[5] D. Antonov and L. Del Debbio, “k string tensions in the 3-d SU(N) Georgi-
Glashow model,” JHEP 0312 (2003) 060 [hep-th/0311046].
D. Antonov, L. Del Debbio and D. Ebert, “k-string tensions in the 4-
d SU(N)-inspired dual Abelian-Higgs-type theory,” JHEP 0412 (2004) 022
[hep-th/0410167].
[6] M. R. Douglas and S. H. Shenker, “Dynamics of SU(N) supersymmetric gauge
theory,” Nucl. Phys. B 447 (1995) 271 [hep-th/9503163].
[7] A. Hanany, M. J. Strassler and A. Zaffaroni, “Confinement and strings in
MQCD,” Nucl. Phys. B 513 (1998) 87 [hep-th/9707244].
17
[8] M. Wingate and S. Ohta, “Deconfinement transition and string tensions in
SU(4) Yang-Mills theory,” Phys. Rev. D 63 (2001) 094502 [hep-lat/0006016].
[9] B. Lucini, M. Teper and U. Wenger, “Glueballs and k-strings in SU(N) gauge
theories: Calculations with improved operators,” JHEP 0406 (2004) 012
[hep-lat/0404008].
[10] A. Armoni and M. Shifman, “On k string tensions and domain walls in N=1
gluodynamics,” Nucl. Phys. B 664 (2003) 233 [hep-th/0304127].
A. Armoni and M. Shifman, “Remarks on stable and quasistable k strings at
large N,” Nucl. Phys. B 671 (2003) 67 [hep-th/0307020].
[11] B. Bringoltz and M. Teper, “Closed k-strings in SU(N) gauge theories : 2+1
dimensions,” Phys. Lett. B 663 (2008) 429 [arXiv:0802.1490 [hep-lat]].
[12] J. Greensite, B. Lucini and A. Patella, “k-string tensions and the 1/N expan-
sion,” Phys. Rev. D 83 (2011) 125019 [arXiv:1101.5344 [hep-th]].
[13] J. M. Maldacena, “Wilson loops in large N field theories,” Phys. Rev. Lett. 80
(1998) 4859 [hep-th/9803002].
[14] J. Gomis and F. Passerini, “Holographic Wilson Loops,” JHEP 0608 (2006)
074 [hep-th/0604007]. J. Gomis and F. Passerini,
[15] J. Gomis and F. Passerini, “Wilson Loops as D3-Branes,” JHEP 0701 (2007)
097 [hep-th/0612022].
S. Yamaguchi, “Wilson loops of anti-symmetric representation and D5-branes,”
JHEP 0605 (2006) 037 [hep-th/0603208].
S. A. Hartnoll and S. P. Kumar, “Multiply wound Polyakov loops at strong
coupling,” Phys. Rev. D 74 (2006) 026001 [hep-th/0603190].
[16] C. G. Callan, Jr., A. Guijosa, K. G. Savvidy and O. Tafjord, “Baryons and
flux tubes in confining gauge theories from brane actions,” Nucl. Phys. B 555
(1999) 183 [hep-th/9902197].
[17] I. R. Klebanov and M. J. Strassler, “Supergravity and a confining gauge theory:
Duality cascades and chi SB resolution of naked singularities,” JHEP 0008
(2000) 052 [hep-th/0007191].
[18] C. P. Herzog and I. R. Klebanov, “On string tensions in supersymmetric SU(M)
gauge theory,” Phys. Lett. B 526 (2002) 388 [hep-th/0111078].
[19] M. Cvetic, G. W. Gibbons, H. Lu and C. N. Pope, “Supersymmetric nonsingular
fractional D-2 branes and NS NS 2 branes,” Nucl. Phys. B 606 (2001) 18
[hep-th/0101096].
18
[20] C. P. Herzog, “String tensions and three-dimensional confining gauge theories,”
Phys. Rev. D 66 (2002) 065009 [hep-th/0205064].
[21] L. A. Pando Zayas, V. G. J. Rodgers and K. Stiffler, “Luscher Term for k-
string Potential from Holographic One Loop Corrections,” JHEP 0812 (2008)
036 [arXiv:0809.4119 [hep-th]].
[22] C. A. Doran, L. A. Pando Zayas, V. G. J. Rodgers and K. Stiffler, “Tensions
and Luscher Terms for (2+1)-dimensional k-strings from Holographic Models,”
JHEP 0911 (2009) 064 [arXiv:0907.1331 [hep-th]].
[23] J. M. Maldacena and C. Nunez, “Towards the large N limit of pure N=1
superYang-Mills,” Phys. Rev. Lett. 86 (2001) 588 [hep-th/0008001].
[24] A. H. Chamseddine and M. S. Volkov, “NonAbelian vacua in D = 5, N=4
gauged supergravity,” JHEP 0104 (2001) 023 [hep-th/0101202].
[25] J. M. Maldacena and H. S. Nastase, “The Supergravity dual of a theory with dy-
namical supersymmetry breaking,” JHEP 0109 (2001) 024 [hep-th/0105049].
[26] B. Button, S. J. Lee, L. A. Pando Zayas, V. Rodgers and K. Stiffler, “Holo-
graphic k-string Tensions in Higher Representations and Luescher Term Uni-
versality,” [arXiv:1209.5149 [hep-th]].
[27] M. Chernicoff and A. Guijosa, “Energy Loss of Gluons, Baryons and k-Quarks
in an N=4 SYM Plasma,” JHEP 0702 (2007) 084 [hep-th/0611155].
[28] S. A. Hartnoll, “Two universal results for Wilson loops at strong coupling,”
Phys. Rev. D 74 (2006) 066006 [hep-th/0606178].
[29] J. Pawelczyk and S. J. Rey, “Ramond-ramond flux stabilization of D-branes,”
Phys. Lett. B 493 (2000) 395 [hep-th/0007154].
J. M. Camino, A. Paredes and A. V. Ramallo, “Stable wrapped branes,” JHEP
0105 (2001) 011 [hep-th/0104082].
[30] E. Imeroni and A. Naqvi, “Giants and loops in beta-deformed theories,” JHEP
0703 (2007) 034 [hep-th/0612032].
[31] O. Lunin and J. M. Maldacena, “Deforming field theories with U(1) x
U(1) global symmetry and their gravity duals,” JHEP 0505 (2005) 033
[hep-th/0502086].
[32] D. Giataganas, “Probing strongly coupled anisotropic plasma,” JHEP 1207
(2012) 031 [arXiv:1202.4436 [hep-th]].
19
[33] M. Chernicoff, D. Fernandez, D. Mateos and D. Trancanelli, “Drag
force in a strongly coupled anisotropic plasma,” JHEP 1208 (2012) 100
[arXiv:1202.3696 [hep-th]].
[34] I. Y. Aref’eva, “QGP time formation in holographic shock waves model of heavy
ion collisions,” arXiv:1503.02185 [hep-th] [arXiv:1503.02185.
[35] A. Rebhan and D. Steineder, Violation of the Holographic Viscosity Bound
in a Strongly Coupled Anisotropic Plasma, Phys.Rev.Lett. 108 (2012) 021601,
[arXiv:1110.6825].
[36] D. Giataganas and H. Soltanpanahi, Universal Properties of the Langevin Dif-
fusion Coefficients, Phys.Rev. D89 (2014) 026011, [arXiv:1310.6725].
[37] D. Giataganas and H. Soltanpanahi, “Heavy Quark Diffusion in
Strongly Coupled Anisotropic Plasmas,” JHEP 1406 (2014) 047
[arXiv:1312.7474 [hep-th]].
[38] D. Giataganas, Observables in Strongly Coupled Anisotropic Theories, PoS
Corfu2012 (2013) 122, [arXiv:1306.1404
[39] M. Luscher, G. Munster and P. Weisz, “How Thick Are Chromoelectric Flux
Tubes?,” Nucl. Phys. B 180 (1981) 1.
[40] C. -S. Chu and D. Giataganas, “UV-divergences of Wilson
Loops for Gauge/Gravity Duality,” JHEP 0812 (2008) 103
[arXiv:0810.5729 [hep-th]].
[41] N. Drukker, D. J. Gross and H. Ooguri, “Wilson loops and minimal surfaces,”
Phys. Rev. D 60 (1999) 125006 [hep-th/9904191].
[42] N. Drukker and B. Fiol, “All-genus calculation of Wilson loops using D-branes,”
JHEP 0502 (2005) 010 [hep-th/0501109].
[43] R. C. Myers, “Dielectric branes,” JHEP 9912 (1999) 022 [hep-th/9910053].
[44] Y. Kinar, E. Schreiber and J. Sonnenschein, ”Q anti-Q potential from strings
in curved space-time: Classical results”, Nucl. Phys. B566 (2000) 103,
[hep-th/9811192].
[45] T. Azeyanagi, W. Li and T. Takayanagi, “On String Theory Duals of Lifshitz-
like Fixed Points,” JHEP 0906, 084 (2009) [arXiv:0905.0688 [hep-th]].
20
[46] D. Mateos and D. Trancanelli, “Thermodynamics and Instabili-
ties of a Strongly Coupled Anisotropic Plasma,” JHEP 1107 (2011)
[arXiv:1106.1637 [hep-th]].
D. Mateos and D. Trancanelli, “The anisotropic N=4 super Yang-
Mills plasma and its instabilities,” Phys. Rev. Lett. 107 (2011) 101601
[arXiv:1105.3472 [hep-th]].
[47] R. D. Pisarski and O. Alvarez, Strings at Finite Temperature and Deconfine-
ment, Phys.Rev. D26 (1982) 3735.
[48] P. de Forcrand, G. Schierholz, H. Schneider, and M. Teper, The String and Its
Tension in SU(3) Lattice Gauge Theory: Towards Definitive Results, Phys.Lett.
B160 (1985) 137.
[49] M. Gao, Heavy Quark Potential at Finite Temperature From a String Picture,
Phys.Rev. D40 (1989) 2708.
[50] D. Giataganas and K. Goldstein, “Tension of Confining Strings at Low Tem-
perature,” JHEP 1502 (2015) 123 [arXiv:1411.4995].
[51] G. Itsios, C. Nunez, K. Sfetsos and D. C. Thompson, “Non-Abelian T-duality
and the AdS/CFT correspondence:new N=1 backgrounds,” Nucl. Phys. B 873
(2013) 1 [arXiv:1301.6755 [hep-th]].
[52] N. T. Macpherson, C. Nez, L. A. Pando Zayas, V. G. J. Rodgers and C. A. Whit-
ing, “Type IIB supergravity solutions with AdS5 from Abelian and non-Abelian
T dualities,” JHEP 1502 (2015) 040 [arXiv:1410.2650 [hep-th]].
[53] P. Giudice, F. Gliozzi, and S. Lottini, Quantum broadening of k-strings in gauge
theories, JHEP 0701 (2007) 084, [hep-th/0612131].
[54] J. Greensite and P. Olesen, Broadening of the QCD(3) flux tube from the AdS
/ CFT correspondence, JHEP 0011 (2000) 030, [hep-th/0008080].
[55] A. Armoni and J. M. Ridgway, Quantum Broadening of k-Strings
from the AdS/CFT Correspondence, Nucl.Phys. B801 (2008) 118–127,
[arXiv:0803.2409].
[56] D. Giataganas and N. Irges, “On the holographic width of flux tubes,”
[arXiv:1502.05083].
21
